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‘J’llis  lm]wr pmmts a direct  lndhod  for Cmlq)utillp,  tlw ti~nc cq)tjilnal  hajcxtory  for a robot
amm]g statimmry  aIIcl IJloving obstacles, sut)jcct tc) mbc)t’s dyl!amics and actuator  mltst,rail]ts.
‘J l)IC lnchion  planl]ing; ]mblmn  is first fcmnulatwl as an ol)ti]  nizat)im)  ] )roblcm, al IC1 t}ICII  solvd
nulncridly  using a .gradicnt  dmxnlt. ‘J’lIc  i]litial  g;ucss  for tlIc o])timixatio]i is genc:ratcd  using a
md]Iod bad olI tlIc colIcq )t of Vdocity  ol)staclcs. ‘J’]Ic II ICtJIOd is clcIIIc)IIstrFItc:cl  for a ‘2-1 )03~
~)lallar  lllal]i~)ulatcm  Inc)villg  ill static  slid cly~lalilic  ell~~irc)]l]llcllts.

Motio~l  ~dal)ni]lg  is cmtral to tlm olwratio]l of aut,cnmtlous  robds. It, COllcerlls  tllc! g(!ncr-
atio]l  of a trajcdory frcn  II start  to :;oal that, satisfies tlm tasks object  ivcs , sud I as lnillimizill~;
lmt,l] dist,allcc  c)] ltlc)tioli  tilllc, w]lilc avoid il]g, olmtac]cs  ill tllc mlvimlllncnli  allcl satisfy  ill.g tllc
mbc)t  nd)anics  (kilmnaiics  a?d  dynamics). Wc distinguish bctwccnl  @L?LilLg allcl control ill
t,] I at tlm fcmncx  gmlcrates a mmi]]al  trajdory,  wlIwcas tlIC lath tracks  that trajectory. 1{.olmt
]Ilot,io))  pla])ning  is gmlcrally  tcm CO II II)ICX  to tw IIa]lclld l)y oll-lillc  fcwclback  col]trollcrs  CIUC to
tlm )Jolllilmar  state constrains  ildjmducd  by tllc c)l)stadcs  allcl tllc Iligllly  IIolllilmw  and coulkd
]mt,urc  of rol JC)il IIICCIIa  I lies.

‘J’raditionally,  mc)ticn]  }danllil]g  ]Ias bCCII t r ea ted  as a kiIIc?TLuLic  problm,  i.e. ddxmnil]i]l~
tlIC ]mtlll  tJIat avoids  obstdcs  w’itlmu{  co]lccml  to ro}wt slxxds. ‘J’llis  was first mtmlsivcly
addmsd for a r t i cu la ted  robots  l)y t1811sfc)]1rli~lp;  tllc Iwoblc]n illtc)  tll)c CO TLji{/1/7’U{~071  spncc,  ill
wllidl tllc robot, rduccs  tm a l)oil)t  a]ld t,llc  olwtadm  llia])  i]lt,o (;-slmm  c)bstaclcs  [26 ,30] .  ‘J’llc
focus ill t h i s  bocly of  work.llas  cmltcmd  01) Ct)lll?)lltatic)llal  coln~)lcxity  allcl conll)letc]lms (tl]c
al)ilit,y  of tl)c algoritlln]  to fl])d a l)atll  if O]]C exists). hlorc rcccnd,ly  tl]c ki?/c?/Ldic  ~moblmn  was
cxtmldd  t,ocar-likerol)ots,  wllidl amsul)jcc.t  to ?~o?/-/~c~lo?/.  c~T/Lic kil!clllai,ic  cc)l)sL1'ai~lts  cluctot,lle
assuln))tioll of l]o sli}) l)CLWI!C:II t,lle  wl]cnls  and groullcl.  11(:IC tl]c focus IIas Cultlmd  011 o b s t a c l e
avoicla,l!cc  [28] a])cl on l)lillillli~,illp,l)atll  distmlcc [27].

M’llilc solvill~  a }mblmn  fulldalllelkd  to robotics, ki7m/Lutic  IIlotiol]  IJallllil]g iglmcs  tJIc
iln}mtal)t dlccts  of robot  dyllal)lics  wllicll  bccc)me sigylificant  at, all but tl]c lowcstl  sl)ccc]s. l’br
cxa~n})le,  l)c)ll-llc)lc)~lc)Irlic lnotimi ~da]lllillg  of a GLT is useful fm ~)alki)lg  [32], wilidl  is usuall,y
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dmlc at vmy low s])cds, hut  is all lmt II]cal]illp;lcss  for IIigll  s])d mtlcrgm}cy  lnallmvm [38].
Silnilar]y,  olmtaclc-frm  ImtlIs coIm)utcd usinp,  ml)ol  kilmllatics  ]l)a-y lJC dy]lalllicall-y  illfmsib]c  at
cvml  IIm]cratc slmds,  causing tlm robot to dcwiatc  f] mn ttlc ki?~c7)/oiic  ~mtll  duc to its dynamics
a n d  lilnitcd  actuaior  cfl”brts. ‘1’llis  F,avc list t o  dfy71(]7/Lic  l[lotioll  l)lalilli~lgl,  w’llicll  Iwoducws a
tmjccicq  in tlm state s})acc ratlm tllal]  just a jmtll ill LIIC (:c)llfig~lla.tic)ll  s~)acc.  l’lallllillg i~l tllc
sate sl)acc, wllilc c(]lrl~)llt,atic)llally  ltlo]c cxtxnlsivc,  allows o]lc to l~]illiluizc dy?La7nic cost fullctiol]s,
such as t!il Ilc! 01’ Cllcl’gy. ‘1’lICSC IWO1)ICIIIS  liavc  bcc]l  ircatcd  ~ncviously  fol l)otll articulate] [35,36]
and lrmbi]c robots  [37].

Wc dis t inguish Imtwmll  lnotiml  ]Jlal]llillg  ill stufic mid  ill cl?y7w7)~ic  (!]l~’irc)lllllcllts.  III static
clwirmllncnltfs,  tllc ohstaclcs  arc s t a t i c ,  allcl Illlc robot  is tl]e o]lly ollc that IImvcs, wlmwas  ill
[Iyl]amic  [:llvilc)llltlcllts,  botjl] robot  a)ld obstac.lcs IImvc. ‘J’yj)ical  c!xa]n}dos  of dyllalllic cllvimll-
mc]lts illcluclc  mamfacturillg  tasks i]) wllicll  robot  IIl;l]til)lllatc)rs  trtick  and  rct,ricwc IMtS  frolll
Il)ovil  lg convqwrs, and illtclligmlt  vclliclcs IIcgotiatillg frmnvay traf[ic.

Motion ~)lalll]i)lg  ill dyl]alllic  cll~’ilc)llllic]~ts  w a s  origilmlly  addrcsscx] I)y addillF,  {lIC tilnc.
dilncllsioll  to tl)c robot’s  ml figuratiml  s})acc,  assu~i]illg  bou~dcd  velocity and kllmvn trajmt,ories
of tllc obstacles [9,19,33]. l{eif and Sharir  [33] solved tlm ~dallar InOblc  III for a ~wlyp,onal  robot
alnol]g malry  lllovi~)g ]mlygcmal  obstac]cs, by searching  a visibility gra~)l) ill tllc cmlflguratioll-
tilllc SIWC. l’;NIummI and lm,a~lo-1  ‘dm [(J] disc]  ctizcd ilw colifigl]latic)ll-tilllc  sJ)acc to result i~i a
scqum]cc  c)f ccmflguratim  I S}mcc slims at sucmssivc t i] rlc illtcrvals. ‘J’llis  lnctllc)d cx+mltially  so]vcs
tlm static ~huning proMcm_r  at cvmy slim and joins a(ljaccntl  solut)iolls. lhljimura  aud Samct  [19]
uscd a ml] dmoniI msitim] 10 ml mSCIIt tlm cc)lJfiF,tlltitjicll]-ti  Inc s~)acc , and  joined mn~)ty  CCIIS to
cm]]mt start to goal.

A]mi,lm  alqm)acll  to dynamic  ~notiml })lallnillg  is to dcco][l~mc tlm ~nmblmn  i]do slnallm
~)roblmns:  ~)aih })lanllillF,  al}d vc]ocity  ~)la~lllil)g. ‘J’llis ]I]etl)od  first cc)]t-]~)utc:s  a feasible ~mi,ll
al[mllg tllc static c)bstaclc!s, al)d relmscmts  it as a ~mralnctric curve in the arc IC:]lglll.  ‘J’he]l,
tlt]c illtmscctions  o f  ttlc moving olmtjac.lcx  With t,llc  ~Eitl] am rqmsml{[xl  a s  forl)idclml  mgiol)s
ill all am lcmgtlktimc ~dalm ‘J’lw vc]ocit,y  almlg  tlm ~Jath i s  clmsc]]  to avc)id the forbiddml
rcgiolm [15,16,18,20,25,29]. Ka],t  a]id Zuckm [25] SCIMCXI hot], ]mtl,  a,,d  velocity ],rofi]c usi,,g  a
~,isi~)i]it,y  g,la~)]l  :L~)~))oa~]],  ] ,CC and ] ,(w [29] dcvc:]c)])w]  illc]~})cliclel)tly  a silni]at’  .3])] )IWLC]1  fo]’ two

coo~matillg  robots, and Cx)ll]lml  cd tllc eflccts  of delay altd velocity rcxluctioll  0]] lnotiml I,ilnc.
l“raiclla)x] [15] colmidercd  accclcra(im] bouIIds, a~ld UWXI a scarclt  ill a state-t)irrie slmce  (s, .i, t)
to mtllmtc  the velocity lwofilc  yielding a ll-lillillllllll-tiltlc  trajectory. F1-aicllard  alld 1 ,augicr  [1 6]
mlsidmxl  acljamlt l)aths Lllai, could lw ruIdIul  fro~]l tllc Ilollli]lal  })atll wliml tlic lloll]i~lal  ))atll
bcmllm  blc)cked by a lnoving; olxtaclc l“ujil~mra  [18] ccnlsidm:cl  tllc case of a robot  lilovillF,  c)l) a
fixed tilnwdq  m)dc~d network, WIIOSC  ] Iodcx could bc tcl)l~mrarily  occluded by moving obst  aclm.

A diflmxnlt  al)}macll  consists of g,mmati~]g  tllc accmsibilit-y  g;rzL])lI of tlic c]lvirol)~l]m)t,  wllicl~
is all Cx(jmlsicnl  of tlm visibility gralh [20,21]. IMjilrnlra  a]ld Sat~wt [20] dc:fi]lcd  it as tlm locus
of }mints 011 tllc obstacles wllicll  arc 1 mcl]ablc by tl]c ml)ot,  IIlovillg  at ]~laxilnul[l  s~)md. ‘1’llcse
l)oillts  forl]l t,})c mllisio?~  j?r)?lt,  aIid call  1)(! lilikwl  tog,ct}]cr  to cmlstruct  a lint,])  fmln start k) goal..
‘J’]w acccssil)ility gra})h lm tl]c ~mqmty  Illat,  if Lllc robot,  IIWVCS fastm tlla~l tlw obstacles,  tllc
}mtl] colnl)ut,cxl  l)y scarcllillg  tl)c gra})ll  is ti)r]e-lllillilllal. “J’llis  collcq)t, was cxtmldcd  i]] [17] to
tllc case of slowly moving robc)is altd tralwic:llt  obstacles, i.e. obstacles that could a~qwar and
disa~)pwlr  ill tllle  cm’irmn]cnt].

Nc)]ic  of t~rc ]m!vious  ntc{}iods Coltsidcr’cd  t~w ltoll-]iltcar  I’O~JO~ dyJlalItim,  arid IIOIIC ])rodumc]

ti]tlc o])tli]llal  motimls. ‘1’iltl(:-ol)tilll:ll  IIlotions l]avc otn~ious  bcllcfits ill industrial  a~)l)licatiol]s  by
rcducillg  c.yclc tilnes a]ld tl)us incrcasi~lg tllc ~)roductivit,y  of aut,oltmtcxl  lrla~l~]fact,l]lil)g  systcnns.

J )tllcrs  usc d~/7K171Lzc  mot,iwl  I)lalilli]lg to del(otc  xr)otioxl plall]iillg i]! dy7Lu71Lic c)lvi]ml~l)cnlts  [26], which  is a sukt‘ (
c)f OUI ddillitic)ll,
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OtlIcT  a]q)licathn  domains , such as il]tcllig;cllt  vcllic]cs  and air traflic  cc)lltml,  nlay bclIdit  frcml
tilllc-ol)tilrlal r)iotimls  l)y lrtinimizillg  tlw mcovmy Iji)l]c frmr] Clnclgmlcy situatimls  and WIIC]I
defining clnmgcncy  lnancuvcrs.

‘J’hc tilnc-o~)tilnal  lrrotic)]l  ~)la)rl)ilr:, l)ml)lc~rl  irl shrtic c~wirori~nc]ks  }Ias lmcn  trxxrtcd pm’i-
ousl-y,  Imgi]]lli]lg  wit]l tlrc work by KalIII mId l{otlr  [24], wlm SOIVN1 tl)c lnc)blcln  fcn a li~mlizcd
robot  I]mlcl,  usi)rg tlrc l’ont,lyagil]’s  Millill”rulli l’]i]rci~)lc  (JIM]’). ‘J’he full robot  lr-rodd was USC(I
ill [31], assumil  Ig bal I~;-hlIg cmItrd alId usill~, a stcq)cst  dcccnt,  ovm tlIc swiicllillg t,il  IIcs, dcrivd
to satisfy tllc IIcccssmy  cmlditiolls of o})tilnality  slated  l)y tllc PM]’. IIowwvm,  tlIc lrrost  cfficioh,
)nctl)ods to date seem to consist of l)ammcter  ol)tilrlizfitiolls  ovm ihc trajectory  [2,23,36] wl]ich

. .am similar t,c) tl)c 1 )ifl”crnlt, ial II]cluslons  lntlmduccd ilr [34], and tl)c IIrvcmc I )yllarnic O~A1lnixa-
tion irltrocluccd  by 1 IIyson  [4].

111 tl}lis  ~ml)cl’,  wc l)rmclIt a mctlIod for colnl)utin~, tlIc tilnc o~)tilrlal  Lrajcctolim  of a robot
lrloving in a dynamic CllviI”OIllll(!Irt)c ‘J’o ~nakc  tlrc ~)mblcln  cc)lrll){llatiollally  hactal)]c, wc mshict
tlhc tmatlncllt  to tllc ~)lanc  alId assulrm cimlla~  mbotl  allcl olmtacles.  W c  alsc) a s s u m e  a  full
k))owlc(lgc of LIIC cllvircnllncnt.

(hntml tc) this a})pmach  is the com~mtatiml  of the i~litial  g;ucss  for tlic o~Aimization.  ‘J’llis  is
dcmc by ut, ilizillg  the ccmcc})t  of VclocitJy  obstacle [10,1 1], wllicll  )na~x tllc dylla~nic cl)vimlrlncl)t
into Ihc mbotj  velocity s~mcc. ‘J’lre  vc]ocity  obstacle  is tllc first-ordc!r  a~)pmxilrmtioll  of t,hc robot’s
velocities that  would cause a collisiml wit]] a]l ol)stac]c  at, sonic futul c tilnc,  within  a givcll  tilllc
lmizcm. Feas ib le  avc)iclance lnalmvm arc com)~utcd silrl~)ly  sclcctillg vcdocitics  outside tlm
velocity obstacle, a~ld satisfying aclditiolhal  velocity cxnlst)-silks ccnn}mtcd  fronl robot clyllalnics
arrd actuator  constrailllls. ~ ‘Ire ill it ial guess  of tllc ol)tilllal  trajcctc)l<y is com~)utcd  by a global
scard over a trcw of fcasib]c avoida)  lcc ~nallcuvcrx  gcncratcd  at cliscmtc  tilne  illl,crvals  so as tc)
)~li]liltlizc  time  to the g;c)al.

‘J’IIc c)~)t,imal trajectory  i s  colll])utd  usil)g a  stec~)cst,  dcsccld alg,mit]lm  ovcI’ t,]Ic adlnis-
siblc colltmls  [G- 8], moclificc]  to cmlsidc) tilrlc  valyillg state irlcqua]ity collstmilitts.  ‘Ji}ic state
inequality constraints due to tll)c lnovillg  obstacles am considered hy t~ansforlning  t}lcln into
stat,c-clc})cl](lcl]t  cmltml colistlailltls. ‘J’l Ie lrlctllod  was il)l})lcli)cnl,ccl  for illtcllig;c~l(  vc]liclm II C-
gotiatil)g;  f r e e w a y  traffic [38],  allcl fm a }da~lar  SCA1{A m])ot, ccnmidming  its full  lmlllincal
dyllalrlics and ]novillg  cirmla] obstacles [10]. l’;xaIm)lcs  of tllc latter arc ~ncsc]ltcd  ill this l)alm.

‘J’]Jc l)a))cr  is cwganimcl as follows. Scctiol)  2 forlllulatcs  tllc mot)iolr  })lallllil)g  })mt)lcln  as a
l~lillilnu]n  time ~nc)l)lc]n and ]Jmscllts  I)l)c IIulrlcrical  Irlctllod fo) com~)utlillg  tl)c q)tilnal  solution
satisf.yirlg state inequality Colmh’ail)ts  zrJId s!,;JI,c-c]c})c]JcIcJIL cmltr’o]  Ccnlstraillts.  ‘J’llc]],  Section 3
addresses  tllc ~moblcm o f  p;cllclatillg  tlw lm[lilml trajectory  for tllc ~nl][mical q)timizatiml.
Filrally,  examples of opti~ilal  trajectories of a SCAI{A robot  avoidill~,  fixed arxl lnovi?)g c)l)staclcs
am ~ncscntcd ill Scctiml 4.

2. ‘1’hc IJynamic  Opt imiza t ion

‘J’lm dylmmic  I]lotion ~hl~ling pml)lc]il  i)] tl[c mdcxt of this  l)a~)cr  consists of dctcrlni~lillg
tllc t]ajectmy betlwccll  two sl)ccificd l)oulldaly  Cmldi(io]ls that avo ids  a l ]  static a~td IIiovi]lg
obstac]cs  al]cl ~ninilrlizes  motiml tilne. ‘J’llis  is follrlulatd  as aII o])tilI)izrrt,ioll  ])roblclrl  with tilllc-
varyillg state ccmstmints,  and is solved llulnc~ically  using;  tllc stecj)cst  dcscmlt IJictl)od  [8], as
discussed next.
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2.1. l’mblc:m  Formulat ion

‘J’l]c ]not,io])  ])lan]]illg ])]oblcn] call  l)C folInulatcd  as follows: l“il)d  tllc co))tml U* (f) c IJ i])
to < i < fj, wllicll lnillilnims tllc cost,  fullctio]t  ,): ‘, (,! ’,,,. ,>i/ ,2 !.’

wlIwc fj is fmc, sul)jcc,t, 1,0 robot dynalnics

x = .7( X,11) = f(x) -1 g(x)ll

initial Cm)clitimls
X(fo) = Xo

tcn]]inal  ]nanifold
o(x(fj), fj) ~- o

(1)

(2)

(3)

(4)

(5)

alId state illccpmlity  cmstxailltls  duc to ilIc lllovil)~;  ohtadcs:

w : (j [Si(x(f),  f.) 2 o] (6)
i: ]

wllcm Sz(x(i),  f.) ml)mscllts the Li]nc-val,yillg  l~oulldarics  of tltc movil)g obstacles.
‘1’1]0 c)xiginal  ])mhlem calls  for a fixd final lmillt. 1 lowcvcr,  wc assu]nc illstcad  a tcnnilml

IIlallifolcl  ( a  l]y])cr-s])llcm  amuud  tllc final  l)oilltl) s o  illat wc call usc illflucllcc  fullctlicn!s  to
conlI)utc tlm i]litial co])(litio])  of tlllc 1 Jqyangc  lnulti])liml  aIId tlms avoid usi])g the lIIOIC smlsitivc
shooting  lnctlLocl  [3].

Sta.tc illcqualitly  Coltshaillts arc gcnmally  diflicult to satisfy altlloug]l llcccssaly  co)lditimls
for o})tlimalitly  nave bccll  dcvclo])cd fm sue])  lm)l)lclns  [22,39]. ()]IC way tc) collsidcr state illcc~ual-
ity collstrail)ts  is to {Ilallsfmm  tllcln i]ltlo stl:iic-clcl)cll(lcllt  contm] equality colwtmillt,  s, zictivc  only
WIICII tlllc  robot slides along t)llc olmtaclc  boulldal.y [7,8].

‘1’0 clc~mllstlratc  Lllc tmatlllcntl of tllc state il)cquality ccnlstmillt,  s, wc considm illc single
Ol)st!ack!:

V : S(x(f), f) ~ () , s(z) E w“ (7)

wlmc S@) delmtcs the pf.~~ dmivativc  of S’, with ;) lwillp;  tltc ordm of tlw co~tstlmilitl.
A solution satisfying  (8) dots IIot necessarily satisfy (7), UIIICSS  it IMsscs tllmugll  at least

o]lc lmint  satisfyil).  g (7) and all tllc dc)ivat)ivcs m OMICI less tllcll I). Wc CI1OOSC this l)oillt  to 1x2
tlw il)itial mitry lmildf  of  tlm cm]stlailm]  aw,  at ti]llc f.] > fjo. ‘1’llc illcqualitly  constraint) (7) is
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Wq,:

w] :

s(x(f~),  f]) : ()
S(x(t, ),i,) : ()

(9)

I]< f’< f’? (10)

wlmc iI k tl]c clItry time, aII(l 12 is tlm exit til]lc d
ad]nissil)lc!  cc)ntro]s  (3) {0:

o

tl]c co]lst~ai~wd  arc. ‘J’llis  also ]Imdifics  tllc

‘J’lIc additicm of t]m t,angyncy constraint, ‘1 ], thus trallsforlns  t}lc origi])al  ‘J’wc) 1 ‘oillt  1 lou~dary
Value!  I ‘roblcnn  (1) i~]t,o a ‘J’hrm ]’oillt  Ihundary  Vduc! ]’roblmn (for a sillg]c nmvilig  c)bstack!),
which is sc)lvcd  lmlilcrically  using tlllc  lnctllocl dismsscd  IICXto

Note that tl}is  tmatlncnlt  of tl]c state inequality collstlai)lts  IIlay over-ccnlstraill tllc ])mblmn
sillcc t,l]c  trajcctmy is fcmwd to satisfy t)lic static cmlstlraintl  as all cqm]ity almlg a fillitc am
(lollsc[~llc!lltjly,  t h i s  alqmoach  Ca?ll)ot  filial  solutiol]s that touc]l tllc state collst,railit  at, lllulti~)le
isolated I )oi nts [22]. Tljis, licjwcvcr, IIa.s b(!cll slmvll t o  aflcct ol)ly co~)strai?ds  of ordc)  l)iglm
Lllall  two, and  is hcncc Id m issue fol tfllc circuku  obstacles tmatcd lICrC [22].

2.2. Numer ica l  Computa t ion

WC a])])ly the stmqmt  dcxmIt Inctllod,  wllicll  I igcmusly  satisfies a set of licccssary o~)tillLal-
ity cc)~lditiolls. ‘J’his  mdllcd was o]igillally dc!v(!lold  ill [6], lllodificd  to illcludc state dc~mdcllt
colltro]  ilmqualitly  constrail]ts  irl [8], a~ld modified tc) considm ballg-bal]g  controls ill [31].

‘J’IIc  stt!q)c!st dc!sm!llt,  lIIct~Iod  itC!l’ativcly  colll~)lltc!s  t]lc o~)tilllal  Colltmls  by fo]]owillg t]lc!
IIegativ(!  gmdimdr of th au.gJIIcntd  cost fu]lctio]l  with respect to the col Itmls alI(l  tllc fil]al  ti~rl(!.
‘J’lIc  gradicllt  is derived l)y acljoilli]]g,  tl)c ditltmnltial of tl]c cost fullctio~l  witlll tllc difl’cmkials  of
tlm tcmninal  IJmnifo]d  m)d tile tallgcllcy-~)oi~]t  cmwtrai~lt,  as discuss(!d 1W1OW.

2.2.1. The I>iflcrmtial  of the l’cwformance 1 ndcx

Followil]g  tlm classic alqmoacll  to constraimd ol)tilnizatio]l [7], systmn dymunics  and co]ltm]
cmwtraillts  arc adjc)illccl  Lc) tllc ~)crforlllallcc  i~ldcx ,1 using two arrays  o f  l,agrallgc  fuIlctiolls
A~,(f) 6 W al]cl ~~(f) E Y?k , wlIcrc n is tllc dilncllsioll  of tllc state s]mc, slid k is tile m]IIIbcr of

active! stlatjc-de))cl)clc!l)t  control mwtraints. ‘J’llis  IWLCIS to tllc ~)crfor]llallcc  il]dcx j:

j ~ ~)(x(fj))  -I ~t’ [A;; (.7-(x,  u) -
1

x) -t p7’$c)(x,  u) d 7
o

(12)

WI){!]’(!

{

f {(f], 12)~= ()
s+’)  f c (f], t~)

aJId ii is a vector c)f l{uhll-rJ’ucker  multi}dicrs [7]

(13)

{-

o WI IICII tllc co]]stlraild  is il]actlivc
p = (14)

A7’g(x) (@&’l’J  ) - 1  otllmwisc



G

IIy ddillillg  tlIc IIamiltolliall  as:

?f(A@, x,u)’ A;j’(x,ll)-l  /J7’Y4~)ll)

aIId I)y c.lloosi]lg:
ml 7

i+(i)’ - (-[)X )
A~, (ij) ~ ():)(#)

ix f,

(15)

(16)

(17)

(18)

‘1’llis cst,a,blisl}cs  t,llc  r e l a t i o n s  l)ctwccll  valiatiol)s  in tl)c illdclmldcni  valialks,  u and  fy, and
valiatliolls  ill tlllc cost functiml fcn t,llc  llllcc)llst~:iillccl  ])mblc]n.

2.2.2.  ‘1’he IIiffcmntial  ofthc q’mmiml  Cons t ra in t
‘J’}lccliflcrclll,  ial of tllct,cnni]lal  colwtrai]k Q is:

(

. r

)
(m),,= $jh:”l  f;;clf  ,, (19)

2.2.3. U’lIC l>iffcrcntial  of the: 1 ‘oint Cmstmini

Silnilmly, tllc diflmmtia of tl]c illtcrllmliatc  tlaligc]lcy  co]lstraillts,  QJI, at, tilnc fI, i s :

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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2.2.4. 1 liscmntinuity  of the l,agrangc  lhlnctions

‘J’l)c 1,ap;ra]lgc functiol)s &), and ~Cl a]c illtcp,ratcd  t]lrougll t])c c]lily l)c)illt  of t]lc! ccnwt,raincd
am at iI, wllcrc they alc ~lis~()~ltillll~)~ls. ‘J’llis  discmltilluity’  is colIIIJutcd  as a function  of tllc juIm)
ill tlic accclclat,ioll  (for a second ordm systcun) across tlt(!  Clltry  ~mild to t.)lo co]]straillcd  arc [5]
(SC!C  also A]~Imdix  II):

(27)

(28)

2.2.5. ‘T1]c 1 )ifi’cnmtial  of the Augmented l’m-formancc lnc]cx
‘J’]Ic CIifl’crcnt,ial  of t,l~c augmmltcd  ])~]fol]ll:i]l~~ illdcx  d,) c.mlsists  Cjf tl]c diflcmi(ia]s  ( 2 2 )

a~ld (26), a~)]wndcd to tlm difl”cmltial  d.J with t,lic  ccmstaI)t  l~lulti~dicm  q a~id v:

(30)

wliid)  yields the IIarniltorliall:

?~(A, x,u) = A7’.7’(x, u) -1 P7’W(x>u) (31)

allcl  ICdllccs (30) to:

(32)

‘J’llis  cst,ablisl)cs  t,llc r e l a t i o n s  bctww!]) variations  ixl tllc illdc~)c!llclcllt  wu’iab]cs,  u a]ld f~, mid
valiatimls  i n  tllc cost functim] for tlm co7A7w2nd ]woblm,  ilducling  tlIc W]nina] manifcdd,
tllIC taqymcy ~)c]il]t , a]icl tk slfatlc-clc])c]][lc]]tj  co]]tfml  co]lstmi]lt. Assu][li]lg  lmng-baIIg  co]ltml,
WC ~]s(! tl]csc  mlatlions  t o  co]n])utc  tlIc valiatiolls  ill tlIc switcllill?;  t,iII]m t!llat  would Yf!ro tll(!

difltmmtial of the augmmtcd cost fu] Ictiol  I.

2.2.6. The 13ang-llang  Solut ion
It is easy to sl)ow that tllc solut,iml  fcn IIlillillllll[l-tilllc  ~)lol)lclns  cmlsists  of l)allp,-lRllF;  CX)ll-

tm]s,  for syst)cnls  lineal  ill tlm co]dmlsj  excluding sitlF;ular  arcs [7] [40]. lly  .wnlll)illg lm~lg-tmlg
cm)tlrol  wc ]mlucc t,llc ful let imlal  o})t imizatim I to a I )ara?netlcr  o] )tilltizat,iol)  over tjljc  Switlcllil  Ig
Iilflcs. ‘.l’lte  Iiumbcr  of switcllcs is al)lwoxinlatcd  fmn tll(! initial  gums, as discusscx]  latfm,  and

tllc sillgula~ arcs am a}qmoximat(!d by a fillitc lmlnlm  of switcl]cs  [31 ].



switcllilip,  tilllcs  WIICIC  Ill switcl]cs  bct,w(!Cll  I,llc Cxtl’cmcs.

(’it/i T (- 1)~- lA(~diij (34:)

Using  (34) wc IIOW discrctixc llIc aug]nc]dcd  cost fuI]ctioll  d$l of (32) as a function  c)f t,l]c
swit,c]ii]tg  f,ili Ics:

‘J’lm v a l u e s  of df.ij  slid dij ill cquatim]s  (38) a]]d (39) dclmld  o)) tllc lnultil)licm  7/ a]ld v,
wl]icll  am co]n~]utccl  I)Y l)ack-s~ll)stit~ltillg,  (38) and (39) i)} ( 2 2 )  a]]{] ( 2 6 ) ,  and ly ~nulti]dyillg



(J

Figure 1: ‘1’IIC fca~ilk avoidance vdocitics  I{AV

L1’l(fl)  and dfl(fj) l)y - c, wit]l c a s]]lall l)ositive  IIuTIIl)cl. ~’llisscalcs  tl]c il)l]mwcllmlts  ill 71
and v to satisfy the fllst-oldc~ ]Icmssaly cmlclitimls  of ol)tilrlalityo

Witlltllis  slll)stit\ltioll,  ccl~laticJ~ls  (22) a]ld (26) yield:

WI)(M! tll(! tc!III”ls  ~1~,~  all! Ck!fill(!d as:

(41)

wit])  }L = W], n, k ~ W], o,$ l), 1 = 1,2,3, l’c})l’escl)tfill~  L(:jm:, 071 and @:T” t,l)c state! COl)stl’:iint,
al]d i indicating tlm illdclmldmt  controls.

‘J’liis  INCKXXIUW mduccs  tllc diflkm]tia]  dcfi]icd ill ( 3 2 )  to ZC!IO, which also satisfies tll(!
lmcssaly co)lcliticn]s  of o~d,i]llality st, atd by i,l Ic l’o]~tryagiIl  hfi]li]m]nl  l’ri]]ci])lcl  as cliscussd i])

[1 o]

3. ‘1’hc lnitia]  G u e s s

‘1’lIc dyl)anlic cq)ti]nizaticm discussed carlim cmwcrgm oll]y to a local millilnmn,  w h i c h
dc]mds cnl tllc initial  gums. Sillcc t,llc dyllalllic IIloticnl  l)lal]llil]g  l)rc)blm[l  i s  gellclally  llc)t
cmwcx,  i.e. it has multil)lc local IIlillil]la,  scl(!ctillgtllc  al)~)lo~)li:licillitial gums would dctcr~ni~]c
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L . . _ — _ _ _  _ . _ - . . —.

l“igu1c2: ‘JYcclC:l~lcsclltati(Jll  fol tllcg;lOl~al  Scarcll.

tlIc quality of tllc solution. Wlli]c it i s  ~,cl]crally dcsiral)lc to com~jutc  tlic  global lnininlal
tx:ijcctory, it is  equal ly inqmtant  tc) ohtai~l  .3 tlrajcctcwy  slmcifi[!cl  ill Ilc!rlns  c)f illlc  scqumicc of
avoidance ald the side from which each obstacle is Iming  avoided. Sclcctillg;  a]) il~itfial  guess  i~l
cl-ylmlnic Cnwimllmcnts  is ill itself  a dylla~nic  lrlotio~t  plaltllillg l)mblc)rl , as discmssccl  calliw ill
tllcl]]tlc)cl~lctio~l.  lm~minga  dcsiml st~~lcL~lrcl  I]akcstl  ~cl)lc)l)lclli  lla&r.

All eflicicmt  )nctl)ocl  for solvil)g I)cAI1  ]nol)lc~rls  }Ias bc!cI~ rccclltly CICVCIO])CXI [ 1 3 ] .  It ~;(!~I-
cnatcs tlrajcctoxic% that, arc botl} Cx)llisio)]-frwc  and dynalrnical]y fcasil)lc,  IIelmv, wc f i r s t  briefly
sulrllrlalizc t,llis alymacll,  and t,lm]l CmlnJ)Ute a l)a]tp,-l)a]]~;  al)})lc)xi~tlailioll  fm tflm cc)]kmls.

3.1.  Gcmcrating  the ‘1’rajectory

‘1’lJC rrlctld  for gcvlcratil]g feasible trajcctcnics  ill Cly]kalnic c] lvimnmcnts  is based m i the
collc.cl)t  of vc]ocity olwtac]cs, wlricll  is a first-oldm  :ll)~)lc)xi)llatic)l]  of tllc Yol)otl  velocities tllaf
wc)uld cause a collision wit)ll  solllc olmtaclc  at solnc future Lilrrc [1 0,1 2]. <hllisiml  is avoided
l)y sclcctillg velocities outside {}IIC ullicm  of tlw velocity olmtaclcs  clue to al] ]Ilcn’ing  a])d static
Ohst!aclc!s,

‘J’o c!]lsure  that t,lic  scd(!cted  ]IJa)Jcuvc]  is also dyllalliically fcasil)lc,  wc ilnlmsc a d d i t i o n a l
vclociiy  c.mlstyaint,s  duo t o  mlmt  dyllal~tics  a]ld actuator co)lst)ail~ts, a s  SIIOWII  ill Figure  1.
l~igurc  1 s]]ows tllc velocity olmtac]c  c)f ii, lnovillg  at smllc vc]ocit$y  vl~, wit]]  ]csl)cct  to a JJoint
ml mt, ~. Also SIIOWI  I am {,}Ic fcasil )](! velocities 1{ AV, w] licll  fcm a ~)lanar rc)bc)t, are rc~msc~d,ccl
by a ~mmllclogram. ‘J’llc feasible avoidallec velocities arc collfil]ccl  to tllc  set ddiIicd  by tllc
d ifi’crcl  m Imtlwecm  t lw feasible avoid a?ice vclocit i(!s a]ld tlw velocity ohstlaclc.

All avc)idmcc malmwcr cmlsists of a velocity vector  a~ld a tililc interval over wllicll that
velocity  is a})ldicd. Ma]lcmvcrs call  bc SCICXACCI to lrlil~ilnizc  a g;lol)a]  cost functio][,  suc]i as motic)]]
tilnc, cn 10 satisfy local oljjcctlivcs,  SIIC)J  as lmssillg  :Ilr obstacle frol[l  tllc frcndj ratllcl  tllall fm[l
i)lm may.

A trajcctmy  cxnlsists  of a scqumlcc  c) f avc)idri~lcc  lrta]tcuvcrs. A  t,]ajcctmy  that ~rlinill}izcs
motiol]  ti ]I]c call be ~(!lmatcxl  by scarc]]il Ig ovw a trm of fmsiblc  avoid arlce ]rmncuvcm, gcncratc(]
at discrctc  tilnc il)tmva]s.  F’ig,urc  2 s]lows ijwo l~]ancl]cs  of tl]c trm, rootec] ill ])oc]c 7Li at tilnc!  i
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(a) (b)
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l~i~;uuc 3: l’la~lat  2-clef Malli~mlator:  a) to]) vim’, b) side view

and rc!acl]i~lg  Ides n~.i I. ‘J’])(!  feasible avoidwlcc velocities at tilncx i a]]cl z -i 1 arc relmscntcd
by l{AVi and l{AVi’ ] . A  Llajcctmy  gcllcratcd  by this SCZWC]I  i s  a p;ood  i~]il,ial  guess fc)] tllc
dyl)alnic  Cq)tli]nizatioll , since it, is quasi ol)tilnal, alIcl it IIas tl)c dmirccl tol)c)lc)g;ical  l)rcqwrtics
(i.c,. scqucncc  of  avc)idallcc  allcl  tjqm c)f mallcuvcm). A drawback of this tr~ijcztor-y  is t,llat its

v e l o c i t y  profile is disc. mltilmous,  ald lmlcc  callllcdl bc diflcmiiatcd  Lo cwnputc ill]c! IIcnnilml
cmd,rols. ‘J’llis  is I’CSOIVCX1 by first s~rmc)tllil)g  tllc trajcctmy using IIcrmitc  s~)li~lm,  as discussec]
lI(!X().

3.2. Gcmcrating tlIC Con t ro l s

‘J b CCN1lI )utc! t}l C! cm Itds, UK! fil’st  SIIIOOt]I t]l[! ha.@kv,  ccn lSk!iIlg  Of a. SWLIC1 ICC Of aVOjdallCC!

ltlallmlvcm,  using a s})lillc  intc!qmlaiioll. ]“irst,  tl]c })atl] is sIIlootlIcd by joillil)g tllc lrlid-~)oillt,s
of cvmy colmcutivc  ]mth scglnmits  with a tl)ird mdcr  IIcmllitc s})lilm  tlmt  Iilat)clm tllc slo]m of
tllc! IJatl] sc!gmc]l!s [14]. ‘J’llc velocity ]nofilc alml~ tllc rcsulti]lg lmtll  is snmotllc!d usill!, a cycloid
l)ctwcc!lt  tl)c Jnid-l)ointjs  of cm]sccutivc vclociiy Sc.g]llm)ts,  givc]l by:

(42)

wllme w = ‘~m-, and Y’ is the lnotioll  till]c!  bctwmi Lllc two lnid-])oillt)s.
lJsillg’,  ilmwrsc dylmnim,  wc 11OW Collll)utc  t~lc COXILI’OIS  a s soc ia t ed  wit]] t]lc slfloot]lc!d  tra-

jectory.  ‘J’lIc switchil)g tilllcs arc alqmoximatcd  at tllc mm cmssil]Ss  of tl]c co~ltml  siglmls,  wit])
a dmd-ba]tcl to avoid clmtlllcr.

4.  l’lxamplcs

IIcm  wc ]mm!nt  CX3111JJ1CS  for tllc two (lcglcc-(~f-fi(:c!clolrj  ]dalm llta?ti~mlator  SIIOW]I ill Fi~,-
Lm 3. ‘J’IIc  Iml)lcm is greatly silnldificd  by assulni]lg  a ~da]lar  S~Al{ malli~)ulator, wit}) tllc cnd
cflcctor movi~lg;  mno]lg obstacles ILaccd below tllc }dzulc of tlm links. ‘J’lIc dyna~nic  ]Ilodc] c)f this
IIlalli})ulatcm  is givm  i]] tl]c A}q}clldix ~;.

4 . 1 .  Single C)hstaclc

‘J’IIc  objcctivc  i~l tl]c followil)g  cxaIm)lcs  is to lnovc tlw c]ld-cfl”t:ctor  frmn rest at tlw stmtill~
Imsitiorl  x =- (- .15 TTL, .55 7TL), to rest  at tjltc goal ~mitioll  x =- (1.5 ?n, - .5 ?~~), ill mini  Inuzll

till[c.
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Figure  4: ()] LiIIIal trajectory in t]Ic free cmvimlllllcld
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‘J’lIc sccoIId CMW cxnwidcrs  a static Olmtaclc,  rc])rcsclitd })y a circ]c of radius r = . 4  ?n,
Ccllt!cl’c(l at C = (.6 ?7L, - .277 L). ~’]icco]lstraild,s ~J1 aIIc] 112 duc!to  tlliso~wtac,lc  ale:

w] : ( (m- 2:.) 2-1 (y- ?/(,)2- ?“2 ‘ O

)

1= f,,
(1:- x,,)t)x-l (:/- y(,)lJy  ‘ ()

W2 : 2):-1  (2:- 2+))U,  i +-i (?/- yo)og’ () f) <f<f2

‘J’lic o~)tima]  IMll)  for t,l]is  cast!  i s  SIJOW]I  ill Fig;urc  6, aIId t)lie ac.tuatju  tjcwqum are slIowII i]]

]$j,gurc 7. lICIW illc }mt,lI g r a z e s  illlc: olm(ac]c at cIIIc })oill{, ald (lots l)OL follow t!}lc! Ol)staclc
l)ccausc of its IIigh cu]vatum. ‘J1lIC ol)l,ilnal  t,i~nc fm t}lis ms(! iS b.] 7 S.
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Figull! 6:
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Y

Starl

x

‘J’llismsc wasm~)c!atc!d  with a ]alp;C!l’OIHtaCIC,  ass] IOwII iIl}~igllTC8, w]lC!l’C

t]lc:ol)staclcl) c)llllclary.  IIcIC, tllcol)silaclci  scJfraclills7=  .(i7TL, locatcxl  at ~ =

thc])ath follows
(.877L, - .]b7~L).
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]~’iIIally, l,}Ic t} IiITl  case considers  a moviIIg oktadc!,  as S] IOWII i~) ]Jigure 9. “J’IJc  ccnlstraini,s
NJ] all(] Vz al’cllow:

‘J’lw o~)timal  IJatll  fm this  case!, SIIOW]I ill l{’i~ul’c 9, .sliclcx  alol]g tile ]Ilm~i~lg  ol)stadc.  ‘J’]Ic

actuatcn  tcwqucx  for t]lis case am slImvIl  ill  Figure 10. ‘J’IIc lrIotiolI  ii~l]c fbr this  case is i = 4.36 s,
w)lid)  is lc)]Ip;cn  tllaII tile l]l]co])st]tli]lccl  ti]tlc, l)utslIoItm  tllall tllctill]cwitll  EL fixed Ol)st)aclc.
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lbgure  9:
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4.2. h4ultiplc  obs tac le s

1]] this  cxam]k,  t)Ic3 ol)tinlal tfrajcxtory  i s  coln})utccl  fo] two IImvi]l!;  olmtac]cs, usi]]g;  t}le
S~Al{A malli]mlato]  M in t h e  ])rcvious  cxam~)kx. ‘J1lIC ol)staclcs wc II]ovinF; a t  coIIstant  vc-
locitlics:  olmtac]c  1 at, (.045, .045) m/s al]d OIJstaCIC  2 at (- .007, .03) 7/L/s, staltillg  at tilnc  to
fmn tl)c ]msitions (.1, - .5) m and (1.15, .7) m, mslmtivcly. ~ ‘h(! Cnld-c!fk!ctor Stal’t!s  at 1’(!s!  fmlli
(.~, ,2) ?[1, and (!lldS at ITst at (1 .5,-  .S) ?~l,

‘J’IIc  ol~t,ilnal  t,rajc!ctory is co)tll)utcd  by fi~st p,cllcratillg  a]) il)itial gums usi~]g  a global scam})
mm a tjmc of avoidance ma] Icuvms. ‘J’hc avoidal icc I nanc:uvm  WCYC  gcnmatcd  usi~lg  velocity
obstac,lcs  at 7’ =- 1 s intmvals.  ‘J’l]c motiml time fc)r tllc initial  guess  was 4.81 s. ‘I’l Ic ba]lg-ba]tg
cm]tm]s comlmtcd  for this trajectory am sl)ow  TJI j)] ldgum  12. Oj)tilnizillg  from tjllis  initial F;UCSS
r(!sultcd  in tll(! ]mth show]] ill Figure 1 I, and tllc actuatcm torqucx sllow]l  ill F igure  13 .  ‘llll(!
o})timal  IIlotioll tilnc  for this case is 2.(; s. ‘J’llc illl])l[)vcl]lcl)t  ill lnotion  tilnc  of tllc ol)tilnal
tmjcctory colnl)aml  to tlllc  initial  gums is duc to tlm fact tl)at  avojdi]lg  the velocjty  ol)staclm
} wocluccs cm m!rvativc trajcctlorics,  i .c. trajcctc)rjos col)sistillg  of velocity scgnmlts  tl)at  arc
guaraldcccl to avoid both obstlaclcs at all tilrlcs  [1 1]. Uca~ly, tlm dynamic  cqhimizatiml  is not
subject tfc)  such a c,cmst]aint,  m Icl tlmcfom Induces slmtm motiml tilncs.
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Figure 13: Ilallg-lm])g  col]tm]s  fm tllcsolutiol].



5. summary

‘J’llis  ~ml)cr  ])rcxw]licd  a ]t]ctllod  fo] co~~]~)uti~lp,  tllc ti]l]c-o~)tilnal  t,rajcctmics  o f  a mal]i~)u-
lalmr lrlcrvil)g  ill dyllalnic  cllvilc)llll]clltjs,  Sul)jcct  t o  systcm dyl)anlics a]id actuator  constraints.
IFornlulatillg  tl]c l)roblcll)  as a tilllc-lrlillilrl  iyj[ltioll, tl)c state inequality co]mtrai]]tls  clue to tlIc
lrlovil]g  ol)stlac]cs  arc transforlncd  to state-(l(:l)cl)(lcllt control co~tstlrail]t)s  al]d a tal)g;cmcy  ~mint
mmtraild  at the mltry ~mild of tlw collstlai]icd  a rc . Assu~llillg  lJaI]g;-ba]Ig  controls) this  o~)ti-
IIlizatiol)  l)roblmn  is solved IIulrlcrically  as a lmral]]ctcr  ()]~till]i~j:lti()ll  over t,llc swiicllillg  l,i~ncs
al]d final tinl(!,  using a stmq)cstl  dc:scmlt  al~,orit,llln. ‘J’]](!  illitia]  gums for i,llc o~)ti~~li~,atioll  i s
c.onl I)utcd  using the ~)rwiously clcvclo])ccl  co]]cc])i of tllc Velocity ObsLoclc  [1 0]. ‘J’l)c velocity ob-
sta.clcs  allow OIIC t,o select al) illitlial  gums Lllat  has a dcsiral)lc Structure, i.e. a desirable scqumlcc
of avoic]allcc  and a dcxirablc side frolll  w’llicl]  C2rcl]  obstacle sl)ould bc avoided. ‘J’l Ic lnct,lrocl  is
(lcIIIc)IIstI”at[!(]  ill  scxwral  cxaIIl])lcs  fOI’ a z ] )()]~ ])]a IIar  ltlalli})u]atm IIlovillg alIloIlgst  static  a~ld

IIlovillg circula] obstadrs

‘J)l]c ol)tilllal  trajcctcmy ill a fwc cl)virolllllcllt  col]l~)am favolal)]y  witlll tl)c solutliml  conl~)ut,cd
I)y allotl)(!r  ~rl(!t,hod [36], thus  vcrifyi~lg  I,l)c corrcctI]css of tl]c ~)m~)os(!cl al)~woacll.  ~lca?ly,  this
]IIcthod  is ll)ca~lt  for off- l ine coll~~)llt,atic)~ls,  a]ld is tl)us a~)~)licable  to rcl)ctitivc  tasks,  SUCII as
IIlalli])ulatlcms  ol)cratlil)g  bctwccn lrlovil]g  Cc)]wcycn’ lmlts, or  lrlallil)ulatcms  o])crati]lp;  c)fl” lr]cwi])g
l)latforlns.  A lrlorc cflicicllt  lr~ctllc)d  for olr-lillc  l)lall)ri~lg  (wit]]  ]Io guaml)tcc  of cq)t,ima]ity)  ill
dyl]alnic cnlviroummlts  has bccII ])IcsmItcd  ill [1 3].

6. Acknc)wlcdgmcmt

‘J’lIc rcscarclr dcsmibcd  ill t]lis })a})cr  IIas l)CC]I  ])artially  c a r r i e d  out  at tlrc Jet l’ro~)ulsiml
1,aboratory,  ~aliforllia  IIlstitut,c of ‘J’cclrllolog,y,  UIICIC]  a c.mlt,ract  witlr  t,hc National Acrc)~lautics
allcl  Slmc.c Ad~rlinistratioll.
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Appcmdix

A. IImivation  of the “J’mminal  IJiflcmntia]

‘1’lIc difl’crclltial  of LIIc tcrlnillal  ccjllstraillt  fl CaII l)c colIIl)utcd  usil]g [6]:

(43)

(46)

(4’7)

Nlvant!a[;c

AQ call bc

(50)

il) cquatioll  (44), and assu IIli I1g fixccl  iI]itial  mIlditiolls, tile total  diffcmltjial of Q l~cco]ncs:

(51)
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the
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lM1’cct, of the ]’oint  Constraint on the! Nlulti])licm

‘1’IIc ccj-state cquatriol)s  for Al,),i, Afl usc!d i]] tllc ~m!vious %:clio~]s  do Ilot take iltto accoul)t
cfl’ccts  of t,l]c constraints V 1 and ‘lz givml by:

(52)

(54)

fmnl wllidl:

‘J’llc value of dfl  at f.~ is coIIIImtcd  using:

(55)

(56)

(57)

(58)

‘J’lIc dmiml cx]nmsio]] of Afl at f.; , satisfyi])g  d(S@- ])) = O is tlm):

(60)



‘J1lIiS cqllati{,ll  can bc furtllcr  silnl)lificd  by rcl)lacillg  (l(t-  ] ) wit]i:

IIy using equat, icn)s  (62), (63), and (61) ill (60), Ilic discmltlinuity  of Afz at, f] bcco~nm:

wllicl]  is cquivfilcn)t  to tllc I)cxx!ssary  coltclitio]l  (52) if tl]c lnulti~)licr  q is cclua] to:

7’ .7 / - - ( X(f; ) - X(f; )
A;;(f; ) -

Sm’)(f; ) )

(61)

(62)

(63)

(64)
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H

0

C, Kinematic and ]Iynamic Ec~uations  cjf a ~’wo-l,ink  Mani])ulator

S~l Ill)O]S 11 S[![]  ill t]l~ Ill[)dd ?L1(!

o tlK!  Slloukkl  of tllc al’111,

}+; t!llc C]l)ow of tl)c M’]n,

11 t,lIc t,il) of t,lic folcarlll,

C71 cmhc] of mass of IiIlk O]IC)

CJ2 cmltcr of mass of link two,

1] ]cIIg,tlI  of link OIIC,

12 lcllgtll c)f lixlk two ,

lc;, distallcc  c)f CI frcml

1(;2 distlallcx of Cz fron]

7~L1  IIIaSS c)f link OIIC,

?ILZ  lnass of IiIlk two,

0,

A,

tllc followillg:

tfllc X axis,



71,2 torqws a])])liccl at joilds  1 aIId 2.

‘J’llc ki)]clnatic  cquatio]ls  of IIIC alI1l  a]c [41]:

●  IIimct  killc)))at,  ics:

(71)

.  l)ifikrcnltia]  ki~lclnatics:

●  Strat,c!  cquat,  imls

●  l)yllalnic  cquatimls

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81 )



●

wit]]:

II]] = 7/LIt~, - 1  ~] ‘1 ?lL~(/;-l /;2-+ 21]1C,C(M0q)-1  ~Z

1122 ~ 7T121:2  -1 l?

11]2 =- 71 Q1]1C2COS02 -1 TIQ1:2 -1 1~

}L z 71LY11  [[2.9  i7L0P

From tllcsc! Cc]uatiolls  ill follows tllatl:

● 1] = 1.5111, 12 = 1.3111.

● 71”LI = ]().()  ]’&, ?7?2 = ]().() ~{g,.

● 7] = ](). () h’111> 72 = 3.() NIIi.
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(82)

(83)
(&j)

(N))

(86)

(N’)


